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Abstract
As a generalization of the Edmonds arborescence packing theorem, Kamiyama–
Katoh–Takizawa (2009) gave a good characterization of directed graphs that con-
tain arc-disjoint arborescences spanning the set of vertices reachable from each root.
Fortier–Kira´ly–Le´onard–Szigeti–Talon (2018) asked whether the result can be ex-
tended to mixed graphs by allowing both directed arcs and undirected edges. In this
paper, we solve this question by developing a polynomial-time algorithm for finding a
collection of edge and arc-disjoint arborescences spanning the set of vertices reachable
from each root in a given mixed graph.
1 Introduction
Edmonds’ arborescence packing theorem [4] characterizes directed graphs that contain
k arc-disjoint spanning r-arborescences in terms of a cut condition. Here, by an r-
arborescence we mean a subgraph of a given directed graph in which there is exactly
one path from r to each vertex v, and a subgraph is said to be spanning if its vertex set
is equal to the whole vertex set. The Edmonds theorem [4] is a directed counterpart of
the celebrated Tutte [12] and Nash-Williams [11] tree packing theorem. Later Frank [6]
gave a far reaching common generalization of these fundamental theorems by allowing
both directed and undirected edges. A mixed graph F = (V ;E,A) is a graph consisting
of the set E of undirected edges and the set A of directed arcs. By regarding each undi-
rected edge as a directed arc with both direction, each concept in directed graphs can be
naturally extended. For example, a mixed path is a subgraph of a mixed graph in which
each undirected edge can be orientated such that the resulting directed graph is a directed
path, and a r-mixed arborescence is a subgraph in which for each vertex v there is exactly
one mixed path from r to v.
A packing of mixed arborescences is a collection of mutually edge and arc-disjoint
mixed arborescences. Frank [6] proved the following.
Theorem 1 (Frank [6]). Let F = (V ;E,A) be a mixed graph, r a node in V , and k a
positive integer. Then there exists a packing of k spanning r-mixed arborescences in F if
and only if
eE(P) +
t∑
i=1
ρA(Vi) ≥ kt
holds for every subpartition P = {V1, . . . , Vt} of V \ {r}, where eE denotes the number of
edges in E connecting distinct components in P and ρA(Vi) denotes the number of arcs in
A entering Vi.
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Frank’s proof [6] is algorithmic, that is, he also gave a polynomial-time algorithm for
computing a packing in a given mixed graph.
In this paper we consider extending Frank’s theorem [6] to packing reachability ar-
borescences. One serious limitation in the Edmonds theorem [4] is that arborescences to
be packed are supposed to span the whole vertices. Hence, if some node is not reach-
able from the root in an application, the theorem says nothing. In such an instance,
we are rather interesting in packing arborescences spanning the set of reachable vertices.
The following remarkable extension of the Edmonds theorem due to Kamiyama–Katoh–
Takizawa [8] enables us to find such a packing even in the multi-root setting.
Theorem 2 (Kamiyama–Katoh–Takizawa [8]). Let D = (V,A) be a directed graph, and
r1, . . . , rk ∈ V . Let Ui ⊆ V (i = 1, . . . , k) be the set of vertices reachable from ri in D.
Then, there exists a packing of ri-arborescences (i = 1, . . . , k) spanning Ui in D if and
only if
ρA(X) ≥ |{i | ri /∈ X, Ui ∩X 6= ∅}| (1)
holds for every X ⊆ V .
In this paper we unifies Theorem 1 and Theorem 2 by looking at reachability mixed
arborescences in mixed graphs. Specifically we consider the following problem.
The Reachability Mixed Arborescence Packing Problem. Given a mixed graph
F = (V ;E,A) and r1, . . . , rk ∈ V , find a packing of ri-mixed arborescences Ti spanning
Ui, where Ui denotes the set of vertices reachable from ri by a mixed path in F . (See
Figure 1 for an example.)
r1
(a)
r2
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(b) (c)
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Figure 1: (a) A mixed graph. (b) An r1-arborescence T1 that spans U1. (c) An r2-
arborescence T2 that spans U2. (T1 and T2 are edge and arc-disjoint.)
This problem was recently introduced by Fortier–Kira´ly–Le´onard–Szigeti–Talon in [5].
They pointed out that a natural unification of the conditions in Theorem 1 and Theorem 2
is not sufficient, and developing a polynomial-time algorithm remains unsolved. In this
paper we give a solution to their question and develop the first polynomial-time algorithm.
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2 Packing in mixed graphs and covering supermodular func-
tions
Let V be a finite set. A family H of subsets of V is called intersecting if X ∪Y,X ∩Y ∈ H
for every X,Y ∈ H with X ∩ Y 6= ∅. A function f : 2V → R is called supermodular if
f(X) + f(Y ) ≤ f(X ∪ Y ) + f(X ∩ Y ) (2)
holds for every X,Y ⊆ V . For an intersecting family H, a set function f : H → R is called
intersecting supermodular if (2) holds for every X,Y ∈ H such that X ∩ Y 6= ∅.
Frank’s theorem (Theorem 1) can be understood within the theory of supermodular
function covering. For a set function f : 2V → Z on a finite set V , a directed graph
D = (V,A) is said to cover f if ρA(X) ≥ f(X) holds for every X ⊆ V . The Edmonds
arborescence packing theorem [4] states that a directed graph D has a packing of k span-
ning r-arborescences if and only if D covers the function g1 defined by g1(X) = k if
∅ 6= X ⊆ V \ {r} and g1(X) = 0 otherwise. Using this formulation, a packing of spanning
r-mixed arborescnces in a mixed graph F = (V ;E,A) can be considered as finding an
orientation of the undirected graph (V,E) such that the resulting directed graph covers
g1 − ρA. Frank [6] gave the following necessary and sufficient condition for an undirected
graph to have an orientation covering an intersecting supermodular function.
Theorem 3 (Frank [6]). Let G = (V,E) be an undirected graph, H ⊆ 2V an intersecting
family with ∅ /∈ H and V ∈ H, and f : H → R an intersecting supermodular function with
f(V ) = 0. There exists an orientation of E that covers f if and only if
eE(P) ≥
t∑
i=1
f(Vi)
holds for every collection {V1, . . . , Vt} of mutually disjoint members of H.
Theorem 1 follows as a corollary of Theorem 3 since g1− ρA is intersecting supermod-
ular. See e.g., [7] for a survey.
When applying the above framework to the reachability mixed arborescence packing
problem there is a trouble: the set function defined by the right side of (1) is not intersect-
ing supermodular. This difficulty can be overcome by introducing bi-sets as first observed
by Be´rczi–Frank [1]. Recently Kira´ly–Szigeti–Tanigawa [10] showed that the condition of
Theorem 2 is equivalent to covering an interesecting supermodular bi-set function. Thus
the reachability mixed arborescence packing problem can be formulated as a problem of
finding an orientation of an undirected graph that covers an intersecting supermodular
bi-set function. The problem of finding an orientation covering an intersecting or cross-
ing supermodular bi-set function had been recognized as a prominent open problem as it
contains the (rooted) k-connected orientation problem as a special case, and in 2012 the
problem was shown to be NP-hard by Durand de Gevigney [3]. Although this negative
result shows the difficulty for developing the counterpart theory for bi-set functions, still
one may wonder if some special cases can be solved efficiently. In the next section we show
that the reachability mixed arborescences packing problem is a solvable example.
3 Characterization and Algorithm
In this section, we give a polynomial-time algorithm and a characterization for the reacha-
bility mixed arborescence packing problem. In Section 3.1, we first reduce the reachability
3
mixed arborescence packing problem to a problem of computing an orientation that covers
an intersecting supermodular bi-set function based on the result of [10]. In Section 3.2, we
further reduce the problem to a problem of computing an orientation that covers a super-
modular set function. Then the algorithm follows from Frank’s result on supermodular
covering orientation [6]. In Section 3.3, we give a characterization.
3.1 Reduction to a problem of covering an intersecting supermodular
bi-set function
Let V be a finite set. A bi-set X = (XO,XI) is a pair of sets satisfying XI ⊆ XO ⊆ V . Let
P2(V ) denote the family of all bi-sets. For a bi-set X = (XO,XI), let
ρ(X) := |{(u, v) | u ∈ V \ XO, v ∈ XI}|.
For X = (XO,XI) and Y = (YO,YI), let
X unionsq Y := (XO ∪ YO,XI ∪ YI),
X u Y := (XO ∩ YO,XI ∩ YI).
A bi-set family H ⊆ P2(V ) is called intersecting if XunionsqY,XuY ∈ H hold for every X,Y ∈ H
with XI ∩ YI 6= ∅. A bi-set function f : H → R is called intersecting supermodular if
f(X) + f(Y) ≤ f(X unionsq Y) + f(X u Y)
holds for every X,Y ∈ H with XI ∩ YI 6= ∅.
We introduce some key notation following Be´rczi–Kira´ly–Kobayashi [2]. For u, v ∈ V ,
let u ∼ v if {i | u ∈ Ui} = {i | v ∈ Ui}. This relation ∼ becomes an equivalence relation.
Let equivalence classes for ∼ be denoted by Γ1, . . . ,Γl, and we call each Γj an atom. Let
Fj := {X ∈ P2(V ) | ∅ 6= XI ⊆ Γj , (XO \ XI) ∩ Γj = ∅} (j = 1, . . . , l),
F :=
l⋃
j=1
Fj ,
p(X) := |{ri | XI ⊆ Ui, ri /∈ XI , (XO \ XI) ∩ Ui = ∅}| (∀X ∈ F).
It is known that F is an intersecting family and p is an intersecting supermodular bi-set
function [10]. Moreover, the following facts are known.
Lemma 1 (Lemma 5.3 of [10], adapted). Let D = (V,A) be a directed graph, and
r1, . . . , rk ∈ V . For any A˜ ⊆ A,
ρA˜(X) ≥ |{i | ri /∈ X,Ui ∩X 6= ∅}|
holds for every X ⊆ V if and only if
ρA˜(X) ≥ p(X)
holds for every X ∈ F .
Lemma 2 (Lemma 5.5 of [10], adapted). Let D = (V,A) be a directed graph, r1, . . . , rk ∈
V, A˜ ⊆ A, and D˜ = (V, A˜) ⊆ D. Let U˜i denote the set of vertices reachable from ri in D˜.
Then, if
ρA˜(X) ≥ p(X)
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holds for every X ∈ F , then
{i | v ∈ U˜i} = {i | v ∈ Ui}
holds for every v ∈ V .
Corollary 1. Let F = (V ;E,A) be a mixed graph, and r1, . . . , rk ∈ V . There exists a
feasible solution if and only if there exists an orientation of E such that in the resulting
directed graph ~F = (V, ~A),
ρ ~A(X) ≥ p(X)
holds for every X ∈ F .
Proof. First, we show necessity. Suppose there exists a reachability mixed arborescence
packing. Then, each mixed arborescence with a fixed root ri can be uniquely converted
to an ordinary arborescence with root ri by orientating undirected edges in E. Let the
resulting graph of this orientation be denoted by ~F = (V, ~A). Then by Theorem 2,
ρ ~A(X) ≥ |{i | ri /∈ X,Ui ∩X 6= ∅}|
holds for every X ⊆ V . Hence by Lemma 1,
ρ ~A(X) ≥ p(X)
holds for every X ∈ F .
Next, we show sufficiency. Let ~F = (V, ~A) be a mixed graph obtained by orientating
F such that
ρ ~A(X) ≥ p(X)
holds for every X ∈ F . Let U˜i denote the set of vertices reachable from ri in ~F . Then by
Lemma 2,
{i | v ∈ U˜i} = {i | v ∈ Ui} (3)
holds for every v ∈ V . By (3) and Lemma 1,
ρ ~A(X) ≥ |{i | ri /∈ X, U˜i ∩X 6= ∅}|
= |{i | ri /∈ X,Ui ∩X 6= ∅}|
holds for every X ⊆ V . Therefore, by Theorem 2, there is a packing of ri-reachability
arborescences in ~F . The corresponding packing in the original mixed graph F is a reach-
ability mixed arborescence packing by Lemma 2.
We also remark the following easy observation.
Lemma 3. For X,Y ∈ F with XI = YI and XO ⊆ YO, p(X) ≥ p(Y) holds.
Proof.
p(X) = |{ri | XI ⊆ Ui, ri /∈ XI , (XO \ XI) ∩ Ui = ∅}|
≥ |{ri | YI ⊆ Ui, ri /∈ YI , (YO \ YI) ∩ Ui = ∅}| (by XI = YI and XO ⊆ YO)
= p(Y).
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3.2 Reduction to a problem of covering an intersecting supermodular
function
Let F = (V ;E,A) be a mixed graph. For X ⊆ V , let E[X] (resp. A[X]) be the set of
edges (resp. arcs) whose both endpoints are in X. Also, let ∂−A (X) be the set of arcs in A
entering X. For a directed graph D = (V,A), let ρD = ρA.
Let Γ1, . . . ,Γl be the set of atoms in F with respect to given roots r1, . . . , rk. For each
atom Γj , we prepare a new mixed graph Fj := (Vj ;Ej , Aj) obtained from (Γj ;E[Γj ], A[Γj ])
by adding a new vertex ta for each a ∈ ∂−A (Γj) and a new directed arc tav for each
a = uv ∈ ∂−A (Γj). In other words,
Vj := Γj ∪ {ta | a ∈ ∂−A (Γj)},
Ej := E[Γj ],
Aj := A[Γj ] ∪ {tav | a = uv ∈ ∂−A (Γj)}
for j = 1, . . . , l. An important observation is that there exists no undirected edge con-
necting distinct atoms, and hence {E1, . . . , El} is a partition of E.
We say that X ⊆ Vj is consistent if for each ta ∈ X, the head of a ∈ A is in X. For
each j, we introduce a set family Hj ⊆ 2Vj , a bi-set B(X) ∈ P2(V ) for each X ∈ Hj , and
a set function pj : Hj → Z as follows:
Hj := {X ⊆ Vj | X ∩ Γj 6= ∅, X is consistent},
B(X) := ((X ∩ Γj) ∪ {u | tuv ∈ X}, X ∩ Γj) (X ∈ Hj),
pj(X) := p(B(X)) (X ∈ Hj). (4)
For Hj and pj , the following lemma holds.
Lemma 4. Hj is an intersecting family and pj is an intersecting supermodular function.
Proof. Fix arbitrary X,Y ∈ H with X ∩ Y 6= ∅. For each ta ∈ X ∩ Y , since X and Y are
consistent, the head of a is in X ∩ Y . Hence X ∩ Y is consistent. This also means that
X ∩ Y 6= ∅ implies X ∩ Y ∩ Γj 6= ∅. Thus X ∩ Y ∈ Hj . We can prove X ∪ Y ∈ Hj by the
same argument.
Next, we show that pj is intersecting supermodular. For B(X) and B(Y ) with X,Y ∈
Hj , we have
B(X) u B(Y ) = ((X ∩ Y ∩ Γj) ∪ ({u | tuv ∈ X} ∩ {u | tuv ∈ Y }), X ∩ Y ∩ Γj) and
B(X ∩ Y ) = ((X ∩ Y ∩ Γj) ∪ {u | tuv ∈ X ∩ Y }, X ∩ Y ∩ Γj)
by definition. Hence, by Lemma 3,
p(B(X ∩ Y )) ≥ p(B(X) u B(Y )) (5)
holds. For X ∪ Y , one can check B(X ∪ Y ) = B(X) unionsq B(Y ), implying
p(B(X ∪ Y )) = p(B(X) unionsq B(Y )). (6)
Also, for X,Y ∈ Hj with X ∩ Y 6= ∅, X ∩ Y ∩ Γj 6= ∅ implies (B(X))I ∩ (B(Y ))I 6= ∅.
Hence by the intersecting supermodularity, we have
p(B(X)) + p(B(Y )) ≤ p(B(X) unionsq B(Y )) + p(B(X) u B(Y )). (7)
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Putting all together, we obtain
pj(X) + pj(Y )
= p(B(X)) + p(B(Y )) (by (4))
≤ p(B(X) unionsq B(Y )) + p(B(X) u B(Y )) (by (7))
≤ p(B(X ∪ Y )) + p(B(X ∩ Y )) (by (5) and (6))
= pj(X ∪ Y ) + pj(X ∩ Y ) (by (4)).
Since {E1, . . . , El} is a partition of E, an orientation of E gives not only an orientation
of F but also an orientation of Fj .
Lemma 5. Let F = (V ;E,A) be a mixed graph. Let ~F and ~Fj be directed graphs obtained
from F and Fj by orientating E, respectively. Then,
ρ~F (X) ≥ p(X) (8)
holds for every X ∈ F if and only if
ρ~Fj (X) ≥ pj(X) (9)
holds for every j ∈ {1, . . . , l} and for every X ∈ Hj.
Proof. For necessity, suppose (8) holds for every X ∈ F . Take an arbitrary j and X ∈ Hj .
Let X = B(X). We show
ρ~Fj (X) ≥ ρ~F (X). (10)
To see (10), suppose a = uv enters X. Then u /∈ XO and v ∈ XI . If u ∈ Γj , then since
X ∩ Γj ⊆ XO and u /∈ XO, u ∈ Γj \ X. Thus, by v ∈ X ∩ Γj ⊆ X, a = uv enters X as
well. If u /∈ Γj , then, tuv /∈ X and hence tuvv enters X. This shows (10) since ta1 and ta2
are distinct if a1 and a2 are distinct arcs entering X. Therefore, by (10), (8), and (4), we
obtain
ρ~Fj (X) ≥ ρ~F (X) ≥ p(X) = pj(X).
For sufficiency, suppose (9) holds for every X ∈ Hj for every j ∈ {1, . . . , l}. Take an
arbitrary X ∈ F . Let
X = XI ∪ {tv1v2 | v1 ∈ XO \ XI , v2 ∈ XI}.
We show
ρ~F (X) ≥ ρ~Fj (X). (11)
To see (11), suppose a′ = u′v′ enters X. Then since there exists no arc entering ta for any
a ∈ ∂−A (Γj), we have v′ ∈ XI . If u′ ∈ Γj , then u′ /∈ XO \ XI and thus u′ /∈ XO. Hence u′v′
enters X as well. If u′ /∈ Γj , then u′ ∈ {ta | a ∈ ∂−A (Γj)} \ {tv1v2 | v1 ∈ XO \ XI , v2 ∈ XI}.
Let uv′ ∈ A be an arc such that u′ = tuv′ . Then u /∈ XO and hence uv′ enters X. This
shows (11) since u1 with u
′
1 = tu1v′ and u2 with u
′
2 = tu2v are distinct if u
′
1v
′ and u′2v′ are
distinct arcs entering X.
Since (B(X))I = XI and (B(X))O ⊆ XO, Lemma 3 implies
p(B(X)) ≥ p(X). (12)
Therefore, by (11), (9), (4) and (12),
ρ~F (X) ≥ ρ~Fj (X) ≥ pj(X) = p(B(X)) ≥ p(X)
holds.
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By Lemma 5, the problem of covering a bi-set function p can be reduced to the problem
of covering the set function pj in Fj for each j. Since {E1, . . . , El} is a partition of E, we
can solve each problem independently. Thus, the following algorithm correctly solves the
reachability mixed arborescence packing problem.
Algorithm Reachability Mixed Arborescence Packing
Step 1 Construct Fj (j = 1, . . . , l) from the input mixed graph F .
Step 2 Compute an orientation of Ej that covers pj for each Fj . If there exists no such
orientation for some j, then there exists no reachability mixed arborescence packing
and algorithm quits.
Step 3 Construct a directed graph ~F obtained from F by orientating E using the orien-
tation computed in Step 2.
Step 4 Solve the reachability arborescence packing problem for ~F .
Frank [6] showed that problem of covering an intersecting supermodular function by ori-
entating edges can be solved in polynomial time. Hence, Step 2 can be done in polynomial
time. Step 4 can be done in polynomial time due to [8]. Therefore, the algorithm correctly
solves the reachability mixed arborescence packing problem in polynomial time.
3.3 Characterization
By the identical argument to the proof of Lemma 5, we can show the following lemma.
Lemma 6. Let F = (V ;E,A) be a mixed graph, and r1, . . . , rk ∈ V . The following two
statements are equivalent.
(i)
eE(P) +
t∑
i=1
ρ(Xi) ≥
t∑
i=1
p(Xi)
holds for every family of bi-sets {X1, . . . ,Xt} such that P = {(X1)I , . . . , (Xt)I} is a subpar-
tition of an atom Γj and that ((X
i)O \ (Xi)I) ∩ Γj = ∅ holds for i = 1, . . . , t.
(ii)
eEj (P ′) +
t∑
i=1
ρ(V i) ≥
t∑
i=1
pj(V
i) (13)
holds for every j ∈ {1, . . . , l} and for every subpartition P ′ = {V 1, . . . , V t} of Vj.
We give the following characterization for the existence of a reachability mixed ar-
borescence packing:
Theorem 4. Let F = (V ;E,A) be a mixed graph, and r1, . . . , rk. Let Ui ⊆ V (i = 1, . . . , k)
be the set of vertices reachable from ri in F . Then, there exists a packing of ri-mixed
arborescences (i = 1, . . . , k) spanning Ui in F if and only if
eE(P) +
t∑
i=1
ρA(X
i) ≥
t∑
i=1
|{ri | (Xi)I ⊆ Ui, ri /∈ (Xi)I , ((Xi)O \ (Xi)I) ∩ Ui = ∅}| (14)
holds for every family of bi-sets {X1, . . . ,Xt} such that P = {(X1)I , . . . , (Xt)I} is a subpar-
tition of an atom Γj and that ((X
i)O \ (Xi)I) ∩ Γj = ∅ holds for i = 1, . . . , t.
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Proof. By Corollary 1, there exists a feasible packing if and only if there exists an orien-
tation of E such that in the resulting directed graph ~F = (V, ~A),
ρ~F (X) ≥ p(X)
holds for every X ∈ F . Due to Lemma 5, the above condition is equivalent to the existence
of an orientation such that
ρ~Fj (X) ≥ pj(X)
holds for every j ∈ {1, . . . , l} and for every X ∈ Hj , or equivalently,
ρ ~Ej (X) ≥ pj(X)− ρAj (X)
holds for every j ∈ {1, . . . , l} and for every X ∈ Hj .
By Lemma 4, Hj is an intersecting family such that ∅ /∈ Hj , Vj ∈ Hj and pj−ρAj is an
intersecting supermodular function such that pj(Vj)− ρAj (Vj) = 0. Thus, by Theorem 3,
there exists an orientation of Ej that covers pj − ρAj if and only if
eEj (P ′) ≥
t∑
i=1
(pj(V
i)− ρAj (V i))
holds for every subpartition {V 1, . . . , V t} of Vj . Finally, by Lemma 6 this is equivalent to
that (14) holds for every family of bi-sets {X1, . . . ,Xt} such that P = {(X1)I , . . . , (Xt)I} is
a subpartition of an atom Γj and that ((X
i)O \ (Xi)I) ∩ Γj = ∅ holds for i = 1, . . . , t.
4 Concluding Remarks
We say that a mixed subgraph covers a set function f if it can be converted to a di-
rected graph covering f by orientating the undirected edges. Khanna–Naor–Shepherd [9]
obtained the weighted version of Frank’s result [6] by showing that the problem of comput-
ing a minimum weight mixed subgraph covering an (intersecting/crossing) supermodular
function can be reduced to the submodular flow problem. Hence by using the reduction
in Section 3.2, one can also solve the minimum weighted version of the reachability mixed
arborescence packing problem.
Our result heavily relies on recent results on the reachability arborescence packing
problem by [10], and these results were established in a more general setting by allowing
additional matroid constraints (after a preprocessing shown in [10, Section 5.1]). The
result in this paper can be established in this general setting since the counterpart of
Lemma 3 remains true.
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